Considerable information has been obtained about neutrino mixing matrix. Present data show that in the particle data group (PDG) parameterization, the 2-3 mixing angle and the CP violating phase are consistent with θ23 = π/4 and δP DG = −π/2, respectively. A lot of efforts have been devoted to constructing models in realizing a mixing matrix with these values. However, the particular angles and phase are parameterization convention dependent. The meaning about the specific values for mixing angle and phase needs to be clarified. Using the well known 9 independent ways of parameterizing the mixing matrix, we show in detail how the mixing angles and phase change with conventions even with the 2-3 mixing angle to be π/4 and the CP violating phase to be −π/2. The original Kaobayashi-Maskawa and an additional one belong to such a category. The other 6 parameterizations have mixing angles and phase very different values from those in the PDG parameterization although the physical effects are the same. Therefore one should give the specific parameterization convention when making statements about values for mixing angles and phase. * panjunxing2007@163.com †
Introduction
Neutrino oscillation experiments have confirmed that neutrinos have none-zero masses and they mix with each other. With the minimal particle contents in standard model (SM), neutrino masses are zero if the theory is required to be renormalizable. A none-zero neutrino mass, therefore, is an evidence that there are new physics beyond the minimal SM. Precise information about neutrino masses and their mixing pattern can provide crucial information to understand new physics beyond the SM. The mixing matrix describing neutrino mixing is the Pontecorve-Makai-Nagakawa-Sakata [1] mixing matrix V P MN S defined as
where i and j are the flavor indices.
For three generations of left-handed neutrinos, in a convention independent manner, the mixing matrix is usually written as
It is a unitary matrix. The specific parameterization in terms of mixing angles and CP violating phase is convention dependent. There are many different ways to parameterize this mixing matrix. The popular one used by the Particle Data Group (PDG) [2] [3] [4] is given by 
where s ij = sin θ ij and c ij = cos θ ij . There are additional phases depending on if neutrinos are Dirac or Majorana particles which can be lumped into the neutrino masses |m i |exp(iα i /2). For Dirac neutrinos, α i = 0. For Majorana neutrinos, two of the phases (Majorana phases) α i are physical which cannot be removed by redefining phases of neutrino fields. We will use the notation that the Majorana phases are in the mass with m i = |m i |exp(iα i /2), so that the mixing matrix is just parameterized by θ ij and δ P DG .
Considerable information about the mixing pattern has been obtained experimentally. For the relative size of the three neutrino masses, m i=1,2,3 , solar neutrino oscillation data show that |m 1 | < |m 2 |. Current data still allow two types of neutrino mass hierarchies, namely, the normal hierarchy (NH) with |m 3 | > |m 2 | > |m 1 |, and the inverted hierarchy (IH) with |m 2 | > |m 1 | > |m 3 |. There are some differences for the mixing angles θ ij and CP violating phase δ P DG corresponding to these two hierarchies [2] . The best values, and the 3σ or 2σ ranges for the mixing angles and CP violating phase are given by [2] N H : 
s 2 13 = 0.0216 , (3σ : 0.0190 − 0.0242) , δ P DG /π = 1.31 , (2σ : 0.92 − 1.88) .
With more data becoming available in the future, the error bars will be improved. The current data allow the intriguing possibility that, for both NH and IH cases, θ 23 and δ P DG to be π/4 and −π/2 (or 3π/2), respectively. Although the central values are not exactly these ones, they can serve as a good approximation. The simple form of the resulting mass matrix and associated symmetry structure have attracted a lot of efforts to understand the underlying reasons and related phenomenology [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . With such values, the neutrino mass matrix M ν takes the following special form for neutrinos being Majorana particles, 
Note that in the above the masses m i in general have Majorana phases. Multiplying a diagonal matrix dig(1, 1, −1)
from left and right to M ν in Eq.5, one can obtain a new neutrino mass matrixM ν = (M ij ) in the form which has been discussed in the literature with [8] 
The resulting mass matrix indeed has a simple form with a high symmetric structure. It has been shown that the form of the above mass matrix can be obtained by imposing a symmetry transformation, for example for m i being real, with e → e and µ − τ interchange with CP conjugation, the Grimus-Lavoura (GL) symmetry [5] , to obtain the mass matrix in Eq.7. The A 4 symmetry for neutrino model is one of the interesting way to realize the matrix even when the neutrino masses have Majorana phases [8] [9] [10] .
The statement for neutrino mixing pattern, such that the mixing angle θ 23 rotating the second and third generation to be π/4 and the CP violating phase to be −π/2, is, of course, mixing parameterization convention dependent.
When using a different convention, the situation may change. In the quark sector, the change of the values for mixing angles and CP violating phase has been pointed out some time ago [16] . Therefore one may ask if the PDG parameterization is the unique one, with θ 23 = π/2 and δ P DG = −π/2, to describe the mixing matrix, even though the physical effects should not change [7] . In the following we analyze the situation in details.
Convention Dependence of Mixing Angles and Phase
To answer the question whether mixing angle θ 23 rotating the second and third generation to be π/4 and the CP violating phase to be −π/2 is unique or not, let us make a specific calculation using another well known parameterization, the original Kobayashi-Maskawa (KM) parameterization for quark mixing, given by [17] 
where s i = sin θ i and c i = cos θ i . The mixing angles and CP violating phase in KM parameterization can be expressed as functions of the parameters in the PDG parameterization by requiring the absolute values of the elements V ij in both of them to be the same and also the Jarlskog parameter [18] J to be the same since they are convention independent quantities. We have Setting s 23 = c 23 = 1/ √ 2 and δ P DG = −π/2, we have
It is interesting to note that in the original KM parameterization, one of the mixing angles is also π/4 and the CP violating phase is also −π/2. It is then clear that the PDG parameterization is not unique in this view point. It should be kept in mind that such degeneracy exists when making statements about neutrino mixing pattern.
One might then ask whether it is true that any parameterization also has one mixing angle to be π/4 and the CP violating phase δ is such a way that sin δ to be maximal. If not, how many different types of parameterizations have the above properties?
We now use the classification of different types of parameterizations for mixing matrix in Ref. [19] to analyze the situation. It has been argued that when parameterizing the mixing matrix in terms of rotations around 1-2 plane by R 12 (α), 1-3 plane by R 13 (β) and 2-3 plane by R 23 (γ) in flavor spaces depending on the ordering and also whether to repeat one of the rotations, there are 9 independent fashions. They are listed in Table 1 of Ref. [19] . Here R ij (α) are given by
When CP violating phase is introduced, one replaces the above rotation matrices by R ij (α, φ) which is obtained by replacing the entries "1" in R ij (α) by e −iφ . Here φ is the CP violating phase. The 9 independent parameterizations are given by
Each of them has some advantages in practical use and has been studied in the literature [19] . In the following we will use these forms of parameterization to discuss which ones can have one of the mixing angles to be π/4 and the CP violating phase to be −π/2 to produce the mass matrix M ν in Eq.5.
In the list, with redefinition of appropriate phases, V P2 and V P3 are equivalent to V KM and V P DG , respectively. V KM from V P DG can be obtained from V P3 and V P2 following the rules below,
identify θ 12 = θ , θ 23 = σ , θ 13 = τ , δ P DG = φ .
We will keep the notations used before for V KM and V P DG in our later discussions.
We have seen that both the above parameterizations have one of the mixing angles, the rotating angle in 2-3 plane, to be π/4 and the CP violating phase to be −π/2. Among the 9 independent parameterizations, we find V P7 also has the above property, when θ 23 = π/4 and δ = −π/2, we have
Specific calculations for other cases, we find that V P1,4,5,6,8,9 do not have the properties that one of the mixing angles is π/4 and the CP violating phase φ to be −π/2 (or π/2. The sign of φ can be changed by phase redefinition). For θ 23 = π/4 and δ P DG in V P DG , we have .
Note that none of the mixing angles in V P1, 4, 5, 6, 8, 9 is dictated to be π/4 and φ is not automatically ±π/2 neither.
One should be clear that this is not to say that these parameterizations cannot fit data if it turns out that experiments will determine θ 23 = π/4 and δ P DG = −π/2, but just means that the mixing angles and the CP violating phase are not necessarily π/4 and −π/2, respectively. In the following we will take neutrino mixing parameters with s 23 = 1/ √ 2 , δ P DG = −π/2 , s 12 = 0.545 , s 13 = 0.147 ,
allowed by data for both NH and IH cases, to illustrate the point by obtaining the parameters in V P1 . We have
The angles and phase are different than those in the PDG parameterization, but all are in physical regions which produces the same physical effect as that provided by the PDG parametrization.
Discussions and Conclusions
From the list of the independent parameterizations, we notice that for those parameterizations, V P2,3,7 , the rotations start with R 23 (α) from the left of the product for V P MN S will result in one of the mixing angle is dictated to be π/4 and the CP violating phase to be −π/2. What are then the differences between the 3 parameterizations? 
V P8 : s τ = 0.430 , s θ = 0.395 , s σ = 0.761 , sin φ = −0.514 , V P9 : s τ = 0.206 , s θ = 0.553 , s σ = 0.699 , sin φ = −0.992 .
One clearly sees that the values for the mixing angles and the CP violating phase can be very different for conventions adopted for the parameterizations. When coming to physical observables, they all have the same effects. But sometimes, a particular convention of the parameterization is convenient and helps to reveal certain structures, such the G-L symmetry in neutrino mass matrix is more transparent to be understood in the PDG parameterization.
Nevertheless, one should not over state the usefulness of a certain parameterization. One should give the specific parameterization convention when making statements about values for mixing angles and phase.
